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It is demonstrated that a two-parameter deformed osillator with
the deformation parameters q, p suh that 0 < q, p ≤ 1 exhibits the
property of aidental two-fold (pairwise) energy level degener-
ay of the lasses Em = Em+1 and E0 = Em. The most general
ase of degeneray of q, p -osillators of the form Em+k = Em
(with k ≥ 1 for m ≥ 1 or k ≥ 2 for m = 0) is briey disussed.
1. Introdution
The so-alled q-deformed osillators (q-osillators) re-
main, from their appearane till now, a very popular sub-
jet of investigations inluding their diverse appliations
(see, e.g., [1, 2℄ and referenes therein). Muh attention
has been paid to the two most distinguished versions of
q-osillators: the one proposed by Biedenharn and Ma-
farlane [3,4℄ (BM q-osillator) and the other introdued
by Arik and Coon [5℄ (AC q-osillator).
It is well known that, unlike the AC q-osillator,
the BM version admits not only real but also phase-like
omplex values of the deformation parameter q. Suh a
distintion leads to essentially diering aspets of their
partiular appliations. Let us note that, among others,
there is the well-known property of the BM q-osillator
onsisting in a possibility of ertain degeneraies and pe-
riodiity appearing in ase of q being a root of unity, the
most popular values for the BM-type q-osillator. Say, for
q = exp( ipi2n+2 ), the following two neighboring energy lev-
els oinide: En+1 = En. This equality along with other
oinidenes leads to a kind of periodiity and naturally
makes the orresponding phase spae both disrete and
nite [6℄.
One an then wonder whether some kind of 'ai-
dental' degeneray (ourring without any obvious un-
derlying symmetry) an be a peuliar feature of the AC
q-osillator, and the answer is negative: the only possible
ase requires the value q = 0, but usually this value is
exluded from the treatment.
The latter onlusion is however not the ultimate
statement onerning q-deformed osillators and, as re-
ently shown [7℄, yet another version of q-osillator whih
has been termed the Tamm-Dano uto deformed
osillator in [8,9℄ and does possess the property of ai-
dental degeneray of the kinds Em = Em+1, E0 = Em,
and some others.
The goal of the present paper is to analyze the anal-
ogous question about possible 'aidental' degeneraies
if one deals with more general two-parameter (or q, p -
)deformed osillators. The q, p -deformed osillators in-
trodued in [10℄ more than 15 years ago provide the
valuable and perspetive tools for obtaining nonstandard
q-osillators and for elaborating diverse appliations. It
sues to mention only a few following ones.
First, the q, p -deformed osillators turn out to be
rather eetive [11℄ in the phenomenologial desription
of the rotational spetra of (super)deformed nulei.
Seond, the onept of q, p -deformation, unlike the
standard harmoni osillator, allows to aount for more
involved reasons/aspets of the extension of the standard
osillator: for the situation where the inluded intera-
tion is highly nonlinear (non-polynomial, with inlusion
of all anharmonisms) and/or employs the momentum
operator; it may also involve the non-onstant position-
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dependent mass of the quantum-mehanial partile [12℄.
Third, the appliation elaborated in [13℄ inorporates
the appropriate set of q, p -deformed osillators (q, p -
bosons) for developing the orresponding q, p -Bose gas
model. Suh a model is based on the analytial expres-
sions for the interepts (strengths) of the general n-
partile momentum orrelation funtions obtained for
the rst time in expliit form in [14℄ (note that these
results generalize the previously known formulas for two-
partile orrelations in the AC and BM versions of the
q-Bose gas model). As suh, the mentioned results were
analyzed [13℄ in the ontext of their diret relevane to
experimental data on the 2- and 3-pion orrelations ol-
leted during the RHIC/STAR and CERN/SPS runs of
relativisti heavy ion ollisions.
The paper is organized as follows. In Setion 2, we re-
all the main fats about the phenomenon of 'aidental'
double degeneray of energy levels within two partiular
(BM or TD) versions of q-osillators, respetively for q
being a root of unity or q being real. The peuliarities
of an analogous sort of degeneraies manifested by the
two-parameter (or the q, p -) deformed osillators are dis-
losed and explained in Setion 3, where we formulate,
prove, and illustrate our basi statements. Setion 4 is
devoted to onluding remarks.
2. Aidental Degeneraies of q-Osillators
To explain the idea of 'aidental' degeneraies of energy
levels, onsider rst the famous BiedenharnMafarlane
(or BM) q-osillator [3, 4℄, whose dening relations are
aa† − qa†a = q−N , aa† − q−1a†a = qN , (1)
[N, a] = −a, [N, a†] = a†. (2)
Then, a†a = [N ]q and aa
† = [N+1]q where the q-braket
reads
[X ]q ≡ q
X − q−X
q − q−1 , [X ]q
q→1−−−→ X. (3)
The Hamiltonian of the BM q-osillator is taken to be
H =
ℏω
2
(aa† + a†a).
For onveniene, we put ℏω = 1 in what follows. Using
the q-Fok spae and its vauum state |0〉 suh that
a|0〉 = 0 , |n〉 = (a
†)n√
[n]q!
|0〉, N |n〉 = n |n〉,
where [n]q! = [n]q[n−1]q...[2]q[1]q, [1]q = 1, [0]q = 1, the
reation/annihilation operators at by the formulas
a |n〉 =
√
[n]q |n− 1〉, a†|n〉 =
√
[n+ 1]q |n+ 1〉.
The spetrum H |n〉 = En|n〉 of the Hamiltonian reads
En =
1
2
(
[n+ 1]q + [n]q
)
. (4)
If q → 1, En = n+ 12 ; also E0 = 12 for any value of q.
For real q 6= 1, the spetrum is not equidistant.
The most interesting situation arises for phase-like q,
q = exp(iθ).
2.1. Level degeneray of a q-osillator with q=e
iθ
In the next two statements, n is any positive integer.
Proposition 1.
(i) Fix the angle θ to be
θ =
pi(2k + 1)
2n+ 2
with k = 0,±1,±2, ...
Then Eq. (4) yields En+1 −En = cos (2n+2)θ2 , and, with
the indiated θ, the degeneray En+1 = En follows,
(ii) Fix the angle θ to be
θ =
pi(2k + 1)
2n+ 3
where k = 0,±1,±2, . . .
Then Eq. (4) yields En+2−En = 2 cos (2n+3)θ2 cos θ2 , and,
with this θ, the degeneray En+2 = En follows.
This statement an be generalized as follows.
Proposition 2. For r≥1, let us x the angle θ as
θ =
pi(2k + 1)
2n+ r + 1
with k = 0,±1,±2, . . . (5)
Then Eq. (4) yields the equality
En+r− En = 2sin(rθ/2)
sin(θ)
cos
(2n+1+ r)θ
2
cos(θ/2), (6)
from whih the degeneray
En+r = En, r ≥ 1 (7)
follows for the values of θ given in (5).
The indiated degeneraies, for q = exp(iθ) being the
orresponding root of unity with θ a rational fration of
pi, lead to suh onsequenes as periodiity, disreteness,
and niteness [6℄ of the phase spae of a BM-type q-
osillator.
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Fig. 1. Spetrum of a q-osillator (8) at xed q =
p
6/8. Observe
the degeneray E6 = E7
2.2. q-Osillator with level degeneray at real q
Although the AC q-osillator does not allow any aiden-
tal degeneray, it was demonstrated in [7℄ that the 'ai-
dental' degeneray at real values of the q-parameter an
our in the ase of a q-osillator alled [8,9℄ the Tamm
Dano deformed osillator. Its reation, destrution,
and number operators obey the following dening re-
lation:
bb† − qb†b = qN , (8)
[N, b] = −b, [N, b†] = b†. (9)
Taking the Hamiltonian of this q-osillator as
H =
ℏω
2
(bb† + b†b) (10)
and putting ℏω = 1, we onsider its eigenvalues in the
states of the orresponding q-Fok spae. With the va-
uum state |0〉, the relevant relations are
b|0〉 = 0, |n〉 = (b
†)n√{n}q! |0〉, N |n〉 = n |n〉, (11)
where {n}q! = {n}q{n− 1}q...{2}q{1}q, {0}! = 1,
{1}! = 1, and the q-braket in this ase being
{X}q ≡ XqX−1, {X}q q→1−−−→ X (12)
[ompare it with (3)℄,
b†b = {N}q, bb† = {N + 1}q, (13)
and the operators b, b† at by the formulas
b|n〉 =
√
{n}q|n−1〉, b†|n〉 =
√
{n+1}q |n+1〉. (14)
Note that, for any real q ≥ 0, the operators b and b† are
adjoint to eah other.
From (12)(14), the spetrum H |n〉 = En|n〉 of the
Hamiltonian reads
En =
1
2
(
(n+1)qn+nqn−1
)
=
1
2
qn−1
(
q+n(1+q)
)
. (15)
At q → 1, we reover En = n+ 12 ; note also that E0 = 12
for any value of q.
If q 6= 1, the spetrum is not uniformly spaed (not
equidistant). Moreover, if q > 1, the spaing En+1 −En
gradually inreases with growing n, so that En → ∞
as n → ∞. However, more interesting possibilities arise
when q belongs to the interval 0 < q < 1.
The energy spetrum given by expression (15) man-
ifests some sorts of degeneraies [7℄, with the strong de-
pendene on the partiular xed value of q. Let us on-
sider relevant ases.
Degeneraies Em = Em+1 and Em = Em+2
Proposition 3. If the parameter q is xed as q =√
m
m+2 , where m ≥ 1 , then the following degeneray of
the energy levels does our:
Em = Em+1. (16)
Note that m=0 is exluded from (16) as the degeneray
E0=E1 would require the (exluded) value q=0.
Proposition 4. Let the parameter q be xed as
q =
1 +
√
4m2 + 12m+ 1
2(m+ 3)
with m ≥ 0 . (17)
Then the following degeneray of Em does our:
Em = Em+2. (18)
For illustration, we show the partiular ases E6 =
E7 and E4 = E6 of (16) and (18) in Figs. 1 and 2.
Degeneray of the type E0 = Em
One more type of degeneray,E0 = Em, was also pointed
out in [7℄, see the next proposition.
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Fig. 2. Spetrum of a q-osillator (8) at xed q = 1+
√
113
14
. Observe
the degeneray E4 = E6
n
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Fig. 3. Spetrum of the q-osillator (8) at xed q ≃ 0.5315645.
Observe the degeneray E0 = E4
Proposition 5. For any integerm = 2, 3, 4, . . ., there
exists an appropriate qm = q(m) suh that
E0 = Em. (19)
The proof of this statement uses a graphial treat-
ment as demonstrated in [7℄.
Some values of the q-parameter whih provide de-
generay (19) are listed in the Table. The rst three
values q2, q3, and q4 in the Table an be given in
radials, while, for m ≥ 5 the values qm are found
approximately. Clearly, all the qm obey the relation
0 < qm < 1.
In Fig. 3, the partiular ase m = 4 of Eq. (19) is
presented. The latter degeneray ours, as seen from
the Table, at q ≃ 0.5315645.
Aidental degeneray of the general type Em = Em+k
As was mentioned in [7℄, the diversity of possible ases
of two-fold degeneray are given by the relation Em =
Em+k. The equation for the values q = q(m, k) of q-para-
Some values qm that yield degenerae E0 = Em
m = 2 q2 =
1
3
≃ 0.333333
m = 3 q3 ≃ 0.45541
m = 4 q4 ≃ 0.5315645
m = 5 q5 ≃ 0.585442
m = 6 q6 ≃ 0.626225
m = 10 q10 ≃ 0.725405
m = 25 q25 ≃ 0.851675
m = 100 q100 ≃ 0.948094
m = 400 q400 ≃ 0.983404
meter responsible for suh degeneraies looks as
(m+ k + 1)qm+k + (m+ k)qm+k−1−
−(m+ 1)qm −mqm−1 = 0,
or
(m+ k+1) qk+1 +(m+ k) qk− (m+1) q−m = 0. (20)
For eah pair (m, m + k), it an be proved that there
exists suh real solution q=q(m, k) of (20) that 0<q<1.
Let us omment on few low k values. Obviously, k = 1
resp. k = 2 orrespond to the partiular series of degen-
eraies already onsidered, see (16) and (18) above. For
the next two ases, the equations to be solved are
(k = 3) q4 +
m+ 3
m+ 4
q3 − m+ 1
m+ 4
q − m
m+ 4
= 0, (21)
(k=4) q4− 1
m+ 5
q3+
1
m+ 5
q2− 1
m+ 5
q− m
m+ 5
=0,
(22)
where, for k = 4, we have taken into aount that the
fth-degree equation divides exatly by q + 1. Note also
that the root q = −1 exists in all the ases of higher even
k in (20). Equations (21) and (22) an be solved in rad-
ials, whih yields awkward expressions. Analogously to
the above Table, a set of values q = q(m, k) an be found
numerially and tabulated. Let us nally remark that
the ase E0 = Em (see Proposition 5 above) is obviously
overed by the most general situation, Em = Em+k.
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3. Aidental degeneraies of q, p -osillators
The following main part of our paper deals with the is-
sue of degeneraies for the two-parameter extended or
q, p -deformed osillators dened [10℄ by the relations
AA† − q A†A = pN , AA† − p A†A = qN , (23)
along with two relations involving A†, A and N om-
pletely analogous to (2) and (9).
The pair of relations (23) is symmetri under q ↔ p
and leads to the formulas
A†A = [[N ]]q,p , AA† = [[N + 1]]q,p , (24)
where the q, p -braket is
[[X ]]q,p ≡ q
X − pX
q − p . (25)
Obviously, with p = q−1, we are bak to the BM ase
[3, 4℄ of q-osillators and to the AC ase [5℄ at p = 1.
The other speial ase [8, 9℄ of TD deformed osillators
orresponds to p = q.
Similarly to BM and TD q-osillators, we take the
Hamiltonian in the form
H =
1
2
(AA† +A†A). (26)
In the q, p -deformed Fok spae for whih A|0〉 = 0,
|n〉 = (A
†)n√
[[n]]q,p!
|0〉 , N |n〉 = n |n〉 , (27)
the reation/annihilation operators at by the formulas
A |n〉=
√
[[n]]q,p |n− 1〉 , A† |n〉=
√
[[n+ 1]]q,p |n+ 1〉 .
(28)
The spetrum H |n〉 = En|n〉 of the Hamiltonian reads
En =
1
2
(
[[n+ 1]]q,p + [[n]]q,p
)
. (29)
As q, p → 1, En = n + 12 . In addition, E0 = 12 for
any q, p .
To study the degeneray properties of q, p -osillators,
we onsider q, p as real parameters valued in the inter-
vals
0 ≤ q ≤ 1, 0 ≤ p ≤ 1, (30)
where the point (0,0) is exluded.
Now we go over to 'aidental' degeneraies and
demonstrate the validity of relevant statements.
Degeneray of the type Em = E0
Proposition 6. There exists a ontinuum of pairs of the
values (q, p) or the equivalent ontinuum of points of the
urve Fm,0(p, q) = 0, for whih the degeneray
Em − E0 = 0 , m = 2, 3, 4, . . . (31)
does hold. The urve is given by the equation
Fm,0(q, p) ≡
m∑
r=0
pm−rqr +
m−1∑
s=0
pm−1−sqs − 1 = 0. (32)
To prove the statement, take aount of Eqs. (29),
(25) in Eq. (31). Then, Eq. (32) obviously follows. This
formula implies nothing but a ertain impliit funtion
p = fm,0(q) whih is ontinuous and monotonially de-
reases on the q-interval in (30). To onrm this asser-
tion, let us onsider the derivative
dp
dq
= f ′m,0(q) = −
∂Fm,0
∂q
(
∂Fm,0
∂p
)−1
=
= −
m∑
r=1
rpm−rqr−1 +
m−1∑
s=1
spm−1−sqs−1
m−1∑
r=0
qr(m−r)pm−1−r +
m−2∑
s=0
qs(m−1−s)pm−2−s
.
(33)
One an prove the following two fats: 1) for none point
(p, q) obeying (30), the derivative
∂Fm,0
∂p
in the denomi-
nator of (33) turns into zero. 2) For the intervals in (30),
both
∂Fm,0
∂q
and
∂Fm,0
∂p
are positive. Then, the derivative
dp
dq
in Eq.(33) is always negative, and, thus, fm,0(q) is a
ontinuously dereasing impliit funtion represented by
a at urve in the quadrant given by (30).
Remark 1. In fat, the values of p and q from the
admissible pairs (p, q), i.e., those solving Eq. (32), belong
to the intervals 0 < q < qm and 0 < p < pm whih, sine
pm, qm < 1, are smaller than the intervals in (30) (the
value pm = qm that solve (32) at either q = 0 or p = 0
being put, learly depends on the xed m). Moreover,
denoting q∞ ≡ 1 (sine qm m→∞−→ 1), we have
q2 < q3 < q4 < . . . < qm−1 < qm < . . . < q∞ = 1. (34)
Now onsider, for all m ≥ 2, the above derivative
f ′m,0(q) at the end points (q, p) = (0, pm) and (q, p) =
(qm, 0), where qm = pm, as well as the derivative of eah
fm,0(q) at the midpoint of the urve xed by p = q. It
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is easy to see that f ′m,0(q)|q=p = −1 for any m, whereas
at the both endpoints the derivatives are negative and
suh that
f ′m,0(q)|q=qm ,p=0 < −1 < f ′m,0(q)|q=0,p=pm < 0.
As a result, with q growing from zero to qm, the deriva-
tive f ′m,0(q) is always negative and ontinuously dereas-
es from f ′m,0(q)|q=0,p=pm through −1 to f ′m,0(q)|q=qm ,p=0
.
Example 1. Let m = 2. In this ase, the relation
F2,0(q, p) = p
2 + pq + q2 + p+ q − 1 = 0
yields the funtion (expliit for this ase only)
p = f2,0(q) =
−1− q +√(1 + q)(1− 3q) + 4
2
(35)
whih monotonially dereases for 0 ≤ q ≤ q2, where
q2 = (
√
5− 1)/2, p2 = q2. (36)
Then, with aount of (33) and (36), we have
f ′2,0(q) = −
p+ 2q + 1
2p+ q + 1
=


− p2+12p2+1 ≃ −0.7236, q = 0;
−1, p = q;
− 2q2+1
q2+1
≃ −1.382, p = 0.
Figure 4 illustrates this ase (and also the ases m = 4
and 7).
Remark 2. The equations, from whih the values
qm are dedued (see Remark 1), an be presented in the
form q + 1 = 1
q
for m = 2, q + 1 = 1
q2
for m = 3,
. . . , q+1 = 1
qm−1
for any m. Suh a form is onvenient
for applying the graphial treatment. From these equal-
ities, the above inequalities (34) beome more obvious.
Degeneray of the type Em+1 = Em
Proposition 7. There exists a ontinuous urve
Fm+1,m(q, p) = 0 given by the ontinuum of pairs (q, p ),
for whih the degeneray
Em+1 − Em = 0 , m ≥ 1 , (37)
does hold. The equation for this urve is
Fm+1,m(q, p) ≡
m+1∑
r=0
pm+1−rqr −
m−1∑
s=0
pm−1−sqs = 0. (38)
q
0 0,2 0,4 0,6 0,8 1,0
p
0
0,2
0,4
0,6
0,8
1,0
E(0)=E(2)
E(0)=E(4)
E(0)=E(7)
q
p
Fig. 4. Three ases of pairwise degeneraies: E0 = E2, E0 = E4
and E0 = E7 in the energy spetrum (29) of a q, p -osillator. The
orresponding urves are given by (31)(32)
In order to prove the statement, we substitute formu-
la (29) in Eq. (37), and Eq. (38) readily follows. Clear-
ly, this equation implies the ontinuous impliit fun-
tion p= fm+1,m(q). To prove that this impliit funtion
monotonially dereases on the q-interval in (30), we ex-
amine the derivative
dp
dq
= f ′m+1,m(q) = −
∂
∂q
Fm+1,m(q, p)
∂
∂p
Fm+1,m(q, p)
, (39)
where
∂
∂q
Fm+1,m(q, p) =
=
m+1∑
r=1
rpm+1−rqr−1 −
m−1∑
s=1
spm−1−sqs−1, (40)
∂
∂p
Fm+1,m(q, p) =
=
m∑
r=0
(m+1−r)qrpm−r−
m−2∑
s=0
(m−1−s)pm−2−sqs. (41)
Obviously, the both partial derivatives are ontinuous
(polynomial) funtions of two variables. The derivative
in (41) should be nonzero for eah point of the at urve
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q
Fig. 5. Two ases of pairwise degeneraies, E1 = E2 and E4 = E5,
in the energy spetrum (29) of a q, p -osillator
given by (38). To hek this, we onsider the set of zeros
of (41), that is, the set of pairs (q0, p0) whih solve
∂
∂p
Fm+1,m(q, p) = 0. (42)
One an show, for generi m, that suh solutions (q0, p0)
form a set of points none of whih belongs to urve (38).
Let us see this in the partiular ases of m = 1, 2, 3.
For m = 1 from (38)(41), we have
F2,1 ≡ p2 + pq + q2−1 = 0, dp
dq
= −2q + p
2p+ q
< 0.
Inserting p+ q = 1
p
(1 − q2) drawn from the equation of
the urve F2,1 = 0 (or E2 −E1 = 0) in the denominator
of
dp
dq
, we nd that for the points of the urve the de-
nominator is p + 1
p
(1 − q2) = p2+1−q2
p
whih is stritly
positive. Note also that 2p+ q > 0 for all q, p from (30).
For m = 2, relations (38)(41) yield
F3,2 ≡ p3 + p2q + pq2 + q3− p− q = 0,
dp
dq
= −p
2 + 2qp+ 3q2 − 1
q2 + 2pq + 3p2 − 1 < 0. (43)
Inserting p2 + pq + q2 − 1 = q
p
(1 − q2) drawn from the
equation of the urve F3,2 = 0 (or E3 − E2 = 0) in the
denominator of
dp
dq
in (43), we nd that for the points of
the urve the denominator is
q
p
(1− q2) + pq+ 2p2. That
is, it is always stritly positive (never turns into zero).
Sine the same onlusion about strit positivity an be
dedued for the numerator in (43), the overall negative
sign of the derivative
dp
dq
in (43) then follows.
For m = 3, relations (38)(41) yield
F4,3 ≡ p4 + p3q + p2q2 + pq3 + q4 − p2 − pq − q2 = 0,
dp
dq
= −p
3 + 2qp2 + 3q2p+ 4q3 − p− 2q
q3 + 2pq2 + 3p2q + 4p3 − q − 2p < 0. (44)
From the above equation F4,3 = 0 for the urve of de-
generay E4 = E3, we draw p
3+ qp2+ q2p+ q3−p− q =
q2
p
(1 − q2) and insert it in the denominator of dp
dq
to
get: for the points of the urve, the denominator is
q
p
(1−q2)+p(q2+2pq+3p2−1). The latter is always pos-
itive
1
never turning into zero exept for the single point
(1, 0). Sine the same onlusion about strit positivity
an be dedued for the numerator in (44), the overall
negative sign of the derivative
dp
dq
is onrmed.
So, for the ases of m = 1, 2, 3, we have demonstrat-
ed that the above impliit funtion p = fm+1,m(q) is a
ontinuous monotonially dereasing one. The proof an
be extended to higher values of m and also to arbitrary
m. In Fig. 5, the two partiular (dierent) degeneray
ases E2 − E1 = 0 and E5 − E4 = 0 are shown.
Remark 3. The ase m = 1 of (38) (i.e. E1 = E2)
diers from all other asesm ≥ 2 sine, at the end points
(q, p) = (0, 1) and (q, p) = (1, 0), the above derivative
f ′m+1,m(q) has, for the m = 1 ase, the values diering
from the rest m ≥ 2 ases. Namely, f ′2,1(q)|q=0 = − 12
and f ′2,1(q)|q=1 = −2. This implies that, as q runs from
zero to one, the derivative f ′2,1(q) ontinuously hanges
from − 12 to −2. On the other hand, for all m ≥ 2, we
have f ′m+1,m(q)|q=0 = 0 and f ′m+1,m(q) q→1−−−→ −∞, i.e.,
f ′m+1,m(q) ontinuously dereases from 0 to −∞ as q
grows from zero to one. The distintion of m = 1 (i.e.
E2 = E1) ase from all otherm ≥ 2 ases (e.g., E5 = E4)
is learly seen in Fig. 5.
Let us emphasize that, ontrary to the distintion
just disussed in Remark 3, all the degeneray urves
(38) of Em+1 − Em = 0, with m = 1, 2, . . ., share the
same value of the derivative at their midpoints given by
p = q: f ′m+1,m(q)|q=p = −1 (note also its oinidene
with the value f ′m,0(q)|q=p = −1 mentioned in the para-
graph immediately after Eq.(34)). Clearly, this is rooted
in the q ↔ p symmetry of the energy funtion [see (29)
and (25)℄ inherited by urves (38) and (32).
1
Note that the polynomial in the seond parenthesis is idential to the denominator in (43) and, as argued there, is stritly positive.
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Remark 4. Reall that the one-parameter deformed
TammDano osillator, whih stems from the q, p -
osillator if p = q, possesses double degeneray [7℄ of
energy levels Em1 = Em2 at a ertain value of the pa-
rameter q. In the present paper, the two-parameter q, p -
osillator was shown to possess the same type of degen-
eray, Em1 = Em2 , for the appropriate (ontinuum of)
pairs (q, p), where q, p∈ (0, 1]. This gives a hint of how
is it possible to obtain, besides the TD, numerous other
q-deformed osillators with a similar property of double
(pairwise) degeneray of energy levels [15℄. For suh a
degeneray to our in the hosen pair Em1 = Em2 , it
is neessary that the urve (in q, p -plane) of the rela-
tion p = f(q) generating the partiular q-osillator in-
tersets the urve of degeneray Em1 −Em2 = 0 at least
one. This is displayed in Fig. 6 for a sample relation
p = q5 whih rosses the indiated degeneray urves
E3 − E0 = 0 and E5 − E4 = 0.
It is learly seen from Fig. 6 that the non-standard
q-osillator inferred by substituting in (23)(25) and
(29) the relation p = q5 does possess the degeneray
E3 − E0 = 0 at a denite value of q and the degenera-
y E5 − E4 = 0 at a distint value of q. Details of this
approah with many partiular ases are given in [15℄.
4. Conlusions and Outlook
The study of deformed osillators demonstrates that, due
to modied ommutation relations, suh osillators pos-
sess nontrivial properties very dierent from those of the
standard quantum osillator. In our papers [7,15,16℄, we
studied the unusual property of aidental two-fold or
double two-fold energy level degeneraies of denite one-
parameter deformed osillators. The present paper deals
with the degeneray of energy levels of two-parameter
deformed q, p -osillators.
After realling the speial degeneraies ourring for
the BiedenharnMafarlane q-osillator at q being some
roots of unity, we plaed a sketh of the 'aidental'
double degeneray properties [7℄ of energy levels of the
TammDano deformed osillator. The peuliarity of
the latter onsists in the fat that, for eah pair Em+k =
Em of energy levels, there exists a speial real value of
the q-parameter whih provides their degeneray.
In the main part of the paper, we have examined
the ability of the two-parameter q, p -osillators to have
pairwise energy level degeneraies. As is shown, the q, p -
osillator possesses the two-fold (pairwise) degeneray of
a denite type, i.e., within some pair Em1 = Em2 , at the
orresponding values (q, p) from a ontinual set idential
to the urve of Em2 − Em1 = 0 in the q, p -plane.
q
0 0,2 0,4 0,6 0,8 1,0
p
0
0,2
0,4
0,6
0,8
1,0
E(0)=E(3)
E(4)=E(5)
p=q5
q
p
Fig. 6. Curve p = q5 yielding a respetive q-osillator rosses the
degeneray urves E0 = E3 and E4 = E5 at dierent values of q
What is important, the pairwise degeneray of the
energy levels of q, p -osillators observed at ertain val-
ues of q and p is aidental (as it ours without any
underlying symmetry) and involves a single xed pair of
levels.
Let us also remark that the degeneray in q, p -
osillators shown in this paper is not in onit, as it
was already ommented in [16℄, with the well-known
no-go theorem [17, 18℄ about the absene, in one di-
mension, of degenerate disrete states in any standard
quantum-mehanial system. Indeed, the q, p -osillators
analyzed in our paper go beyond the sope of ustomary
systems of traditional quantum mehanis, due to suh
more general nontrivial features (see, e.g., [12℄) as the
non-onstant position-dependent mass given by an iner-
tia funtion, the ompliated interation depending on
both the position and the momentum, et.
On the base of the onsidered (seemingly, unnotied
earlier) important peuliarity of the q, p -osillators, we
an infer a plenty of new nonlinear one-parameter de-
formed osillators whih exhibit nontrivial and unusu-
al degeneray properties (diverse patterns of levels de-
generaies, inluding rather ompliated ones). As some
step already made in this diretion, let us quote the pa-
per [16℄, where a number of p-osillators is presented
exhibiting a rather nontrivial pattern of two-fold dou-
ble degeneraies (two pairwise degeneraies within eah
of two xed pairs of energy levels, e.g., E1 = E2 and
E3 = E4).
It is worth to mention again the fat of the appliabil-
ity [13℄ of q, p -osillators (q, p -bosons) in the ontext of
ISSN 0503-1265. Ukr. J. Phys. 2008. V. 53, N 6 593
A.M. GAVRILIK, A.P.REBESH
the eieny of a desription of the observed non-Bose
properties of the two- and multi-pion (-kaon) orrelations
in the experiments on relativisti heavy-ion ollisions like
that of the other types, e.g., the one-parameter BM-type
q-osillator and the q-Bose gas model [19, 20℄. In that
ontext, it would be interesting to nd some peuliarity
(if any) onneted with the feature of 'aidental' double
degeneray of q, p -osillators onsidered in the present
paper. The same an be said about the usage (see [13℄)
of TD q-osillators and the TD q-Bose gas model whih
is just the one-parameter p=q limit of the q, p -Bose gas
model.
One may also hope that the unusual novel q-bosons
(related with non-standard q-osillators treated in [7, 15,
16℄) and possibly some others will be useful in the study
of expliitly solvable problems, say, along the lines simi-
lar to those desribed in [21℄, and also for diverse physial
appliations.
Of ourse, it is desirable to give expliit and ex-
haustive proofs of the pairwise degeneray of the ener-
gy levels of q, p -osillators for more involved ases like
Em+2 = Em and, also, for the most general ase of de-
generay: Em+k1 = Em+k2 , k1 6= k2. This will be done
in a separate paper.
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ÄÂÎÊÀÒÍÅ ÂÈÏÀÄÊÎÂÅ ÂÈÎÄÆÅÍÍß
ÅÍÅÅÒÈ×ÍÈÕ IÂÍIÂ Ó ÌÎÄÅËI q, p-ÎÑÖÈËßÒÎÀ
Î.Ì. àâðèëèê, À.Ï. åáåø
 å ç þ ì å
Ïîêàçàíî, ùî äâîïàðàìåòðè÷íî äåîðìîâàíi îñöèëÿòîðè
ç ïàðàìåòðàìè äåîðìàöi¨ q, p , äå 0 < q, p ≤ 1,
ìàþòü âëàñòèâiñòü âèïàäêîâîãî äâîêðàòíîãî âèðîäæåííÿ
åíåðãåòè÷íèõ ðiâíiâ òèïó Em = Em+1 òà òèïó E0 = Em
ïðè âiäïîâiäíèõ çíà÷åííÿõ q i p. Êîðîòêî îáãîâîðåíî òàêîæ
íàéáiëüø çàãàëüíèé âèïàäîê âèðîäæåííÿ Em+k = Em, äå
k ≥ 1 äëÿ m ≥ 1 àáî k ≥ 2 äëÿ m = 0.
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